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TO NATHAN JACOBSON ON HIS 7&H BIRTHDAY 
Let ‘U be a function algebra on a compact Hausdorff space X which is also 
the spectrum of ‘u. If 93 is an algebra such that ‘u C %3 C C(X), then it is known 
that X will also be the spectrum of !Z3 if b consists of ?I-holomorphic functions 
on X. An example due to S. Sidney is described showing that this need not be 
the case if elements of B are only required to be ‘U-holomorphic off the silov 
boundary for ‘?I. On the other hand, it is proved that X is the spectrum of !Z3 if 
its elements are xl-holomorphic off the strong boundary. 
1. INTRODUCTION 
Throughout our discussion, X will be a compact Hausdorff space and the 
term “function algebra on S” will mean any algebra of complex-valued con- 
tinuous functions on X that contains the constants and separates the points 
of X. A function algebra 91 on X is also a normed algebra under the “sup norm” 
We denote by @s the set of all (sup norm) continuous homomorphisms 
qx 2l+ c, a - qv), 
of 41 onto C. The continuity of p is equivalent to the boundedness condition 
I 4dl -G I a Ix 9 a E PI. 
The s@-topology (or the Gelfand topoZogy) on @% is the coarsest topology with 
respect to which each of the representing functions d E ‘@ is continuous. With 
this topology, CD, is a compact Hausdorff space called the spectrum of 21. Further- 
more, we have a canonical homeomorphism 
7:X-+@%, N H T(X), 
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of X into @sr given by the point evaluation homomorphisms; i.e., a(,(~)) = a(x), 
a E MI. The space X is accordingly regarded as a subspace of Qcu , so ‘& becomes 
an algebra of continuous functions on Qsr whose elements are sup norm pre- 
serving extensions of the elements of BI, [3, sects. 3.1, 3.21. If X = QX , then % 
is called a natural function algebra on X. Note that the algebra C(S) of all 
complex-valued continuous functions on S is always natural [3, Corollary 
(3.2.9)]. On the other hand, simple examples show that, even if ?I is natural, 
there may exist algebras 23 such that 91 C b C C(IY) which are not natural; i.e., 
the spectrum Da is larger than S [4, p. 13241. The example discussed in the 
next section also illustrates this fact. An interesting problem might be to classify 
in some way or other those algebras % between a natural algebra 91 on S and 
C(LY). In particular, one would like to describe, if possible, those B that are also 
natural. In the next section (Section 2), we recall some known positive results 
concerning the latter problem and describe a counterexample to a deceptively 
plausible generalization. The main purpose of this note is to prove in Section 3 
a very similar but valid generalization of these results. 
2. ALGEBRAS OF (U-HOLOMORPHIC FUNCTIONS 
The first general result of the kind in which we are interested is due to 
Stolzenberg [8], who proved that, if 9I is a natural function algebra on S and B 
is the algebra of all functions that belong locally to YI on S, then $13 is also 
natural. (Stolzenberg actually proved a more general result that does not concern 
us here.) Following Stolzenberg, we proved that any b which contains Pl and 
consists of VI-holomorphic functions (i.e., functions that are locally uniformly 
approximable in S- by !?I) is natural [4]. I n view of this result, it is reasonable to 
ask whether 23 will be natural if it consists of functions continuous on ,Y and 
‘$I-holomorphic on s\&X, where &X denotes the Silov boundary of S relative 
to Pt. Although generalizations of this kind are quite plausible on the surface, 
this one was shown to be false by a counterexample constructed by Sidney 
(unpublished). ,4 version of the Sidney example is presented here since it led 
to the result proved in Section 3 and gives some indication of the delicacy 
of results of this type. 
EXAMPLE. Consider the open bidisk of radius r in @“, denoted by 
and, for 0 < s < I, the “annular” region 
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Also denote by Jr and a,,, the closures of these sets. Let &‘(&) be the algebra 
of all functions continuous on the unit bidisk a, and holomorphic on d, . 
Recall [3, A.2.71 that the Silov boundary of 3, relative to &@r) is the torus 
T2 = ((5, , 52) E C2 : I 51 I = I 52 I = 1:. 
Next choose a sequence {(an, &)} of p oin s t d ense in the region d, and let {I,) 
be the sequence of half-open real intervals in C3, where 
r,=:(,,,16n,t)E~3:O<t~l/n:. 
Since the lengths of these intervals converge to zero, the union 




is a compact subset of c3. 
Let ‘8 be the subalgebra of C(X) consisting of those functions f(<, , 5, , 5,) 
such thatf(& , la , 0), as a function of (& , 5,) E a, , belongs to .d@r). It follows 
from general results [3, p. 1301 that 5!l is a natural function algebra on -Y. It is 
also easy to verify that the Silov boundary 3,X is given by 
3,X = ((T2 u &) x (0)) U 
Now let B consist of all functions continuous on X and Yl-holomorphic on 
X\a,X. Then, for f~ 8, the function f(& , c2 , 0) is holomorphic on the set 
d,,, and is more-or-less arbitrarily continuous on d, . Also, by Hartog’s pheno- 
menon, the restriction of f(& , c2 , 0) to a,,, admits a unique extension to an 
element PE zZ(&. Furthermore, J will generally be different from f on d, . 
Therefore, if (5, , E,) E A, , then 
defines a continuous homomorphism of 23 onto @ which is not a point evaluation 
in X. It follows that @e is larger than X. In fact, Qa is equal to a union of X and 
a, in which the sets as,, x (0) and d,,, are identified. 
3. FUNCTIONS '5X-HOLOMORPHIC OFF THE STRONG BOUNDARY 
Recall that a point 8 E X will belong to the Silov boundary of X relative to ‘Ll 
iff, for each neighborhood U of 6, there exists u E 2l such that 1 u lx > 1 u lx,cr . 
Note that the function need not assume its maximum value at the point 6. 
Adding this restriction, we obtain the definition of a strong Boundary point 
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of X relative to 21; viz., for each neighborhood U of 6, there exists u E 2I such 
that 
I m = I u Ix > Iu Ix\u. 
Obviously, 8stS contains the set 8&X of strong boundary points. Moreover, 
if 21 is closed in C(X), then &$X is dense in a,X and each element of 2I assumes 
its maximum modulus in astsX. [3, Sect. 3.31. The set 8,$X, which is in general 
not a closed set, is called the strong boundavy of X relative to 2I. Observe that, 
in the Sidney example, L&$X cannot contain any points of A,,, x (0), so we no 
longer have a counterexample if a,X is replaced by a,sX in the definition of B. 
In fact, 21 already contains all functions that are 2I-holomorphic on X\a&X. 
This brings us to the following theorem. 
THEOREM. Let ‘LI be a natural function algebra on X and 23 an algebra that 
contains 9I and consists of functions ‘%-holomorphic on X\a&X. Then !B is also 
natural. 
Proof. Consider the spectrum @B of the algebra B and observe that, along 
with the canonical embedding 
T:X+@B, x ++ T(X), 
of X in Qs , we also have a projection 
Tr: CDs + x, v t-+ +P), 
of @a onto X, obtained by restricting elements of DB to 2I. In other words, 
the restriction of a homomorphism p E @S to the subalgebra 2l defines a con- 
tinuous homomorphism 
qJ: 2I -+ @, a ++ d(v), 
of 21 onto C, so there exists a unique point ?r(~) E X such that 
L(P) = 44d>9 af%. 
The projection rr is obviously continuous and n(~(x)) = x, for each x E X. The 
theorem asserts that each of the stalks 
a)% = ((DE@ 8 : 4F) = 4 
over points of X must be a singleton. This is equivalent to the assertion that 
T(T(T)) = p, for each 9 E @B . 
Consider first a strong boundary point S E a,$X and suppose that the stalk 
Q6 contains a point q,, # r(6). Then there exists exists 6, E 23 such that 
&?d = 1 and 6&(S)) = b,(S) = 0. 
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Choose a neighborhood U of the point 6 such that 1 b, 1 c, < 1. Since S E QX, 
there exists u E ‘$I such that 
I = u(S) = ! u lx > / u jxic.. 
Hence there exists a positive integer n such that 
1 Un IX,” < I b, I,‘. 
Consider the element b = bOun E 23. It is obvious that lb Ix < 1. On the other 
hand, &(vO) = 1 and li(& = u(n(ve)) = u(6) = I, so J(p,J = 1. But this 
contradicts the continuity inequality, 1 6(& < 1 b Ix and proves that (P, must 
be a singleton for each 6 E &$X. 
Next, for each b E 23, we define the function 6 == 6,o rr on @s and set Fb = 
6 - b”. Observe that 6” is constant on each stalk and that b”(r(x)) = &r(x)), for 
each x E X. Since !% separates the points of @B , it follows that a stalk @, will 
be a singleton iff Fb c 0 on @$ . Therefore the theorem will be proved if we 
show that Fti = 0 on @B for each b E %3. Hence, for arbitrary b E 8, consider 
the zero set 
2, = {p’ E Qs : Fo(cp) = O] 
of the function F,, . Since E;, is obviously continuous, Z, is a closed subset of 
@a . Note also that r(*U) C Z, . Furthermore, since 1 6(~)1 < 1 b Ix = 1 6 Irtx) , 
for all 6 E 93 and g, E 0% , we also have 
agj@a c T(X) c z, , bE?B. 
Thus the set G = &\Z, is an open subset of Qe\a#Pa and n(G) C X\&$X, 
so the function b is VI-holomorphic on V(G). Therefore, if ?0 E G, then there 
exists a neighborhood U,, of the point ?r(vO) in X such that b is uniformly 
approximable by ‘3 on the set U,, n r(G). By the continuity of r, choose a 
neighborhood V, of v0 such that V,, C G and QT( V,,) C U,, . Since $i = 2I o rr 
and 6 = b 0 V, it follows that b” is uniformly approximable by @ on the neighbor- 
hood V, . It follows that 6 is s$i-holomorphic and, a fortiori, ‘&holomorphic on 
G. Hence Fb is also ‘%holomorphic on G. By the local maximum principle for 
@-holomorphic functions [5, Lemma 2.51, it follows that 
But bdG 2 Z, , so / Fb lbdG = 0. This implies that F, vanishes on 0~ and, since b 
is an arbitrary element of d, completes the proof of the theorem. 
Remarks. The above theorem is actually a special case of an analogous 
theorem for general function algebras [6, Theorem 8.141. The same is true, of 
course, for our previous result for U-holomorphic functions on all of 9 [S, 
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Theorem 3.51. The question of naturality for the algebra of continuous functions 
‘$I-holomorphic on x\a,X was raised by John Garnett (oral communication) 
sometime during 1965-1966 and Sidney’s example was a response to that 
question. Sidney’s original example was slightly more complicated (using disks 
in place of the intervals I,) but had the added virtue of being antisymmetric. 
Sidney also was aware of a possible result along the lines of the above theorem. 
It is perhaps worth noting that his example also preserves the Silov boundary 
(i.e., &X = a,X), so provides another counterexample to a question mentioned 
by Glicksberg [2, p. 924 n.]. (See also [9].) Note that the dependence of the proof 
of the above theorem on the local maximum principle for !%-holomorphic 
functions (which depends ultimately on Rossi’s local maximum principle for 
Banach algebras [7]) removes it from the “elementary” category. The same is 
true of both of the theorems mentioned in the Introduction since they also depend 
on the local maximum principle. Finally, we note that the ingenious idea of 
introducing the function Fb in the above proof is suggested by an alternative 
to our proof of naturality for VI-holomorphic functions on all of X proposed 
by Quigley (written communication). The Quigley proof will be found in 
Gamelin’s book [l, p. 931. 
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